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hierarchical posets 
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Abstract 

In this paper we consider metrics determined by hierarchical posets and give explicit formulae for 
the main parameters of a linear code; the minimum distance and the packing, covering and Chebyshev 
radii of a code. We also present ten characterizations of hierarchical poset metrics, including new 
characterizations and simple new proofs to the known ones. 

Index Terms 

Poset codes, hierarchical posets, canonical decomposition. 

1. Introduction 

The study of metrics induced by posets, originally introduced in 1995, by Brualdi, Graves 
and Lawrence Q, became an interesting and productive area of research, partially because a 
number of unusual properties arise in this context, including the intriguing relative abundance 
of MDS and perfect codes, noticed, for example, in 0 and Q. Moreover, the study of classical 
metric invariants of Coding Theory, when considering unusual distances, raises many questions 
regarding very traditional and known results. 

Over the years, the following code-related properties were proven to hold when considering 
a metric determined by a hierarchical poset: (i) the weight enumerator of a code is completely 
determined by the weight enumerator of its dual code (MacWilliams-type Identity), 0; (ii) a 
linear code determines an association scheme, 0; (iii) isometric linear isomorphism between 
codes may be extended to the entire space (MacWilliams Extension Theorem), 0; (iv) the 
packing radius of a code is a function of its minimum distance, Q. These properties appear 
dispersed throughout the literature and were proved by using many different combinatorial and 
algebraic tools: characters, association schemes, matroids, etc. 
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In this work, we prove that the previous properties (among others) are aetually eharaeterizations 
of hierarehieal posets, in the sense that they hold (for any linear eode, if the ease) if, and only if, 
the metrie is determined by a hierarehieal poset. For all those properties (ineluding the known 
ones) we give simple and short proofs. The proofs are based on the existenee of a eanonieal 
deeomposition introdueed by Felix and Firer Q and on a simple eounterexample. 

Sinee this work gives a unifying treatment to many different problems eoneeming eodes with 
poset metries, we make some efforts to present the eontext in whieh some relevant results were 
originally developed and also to explain (without proving) some key results. For this reason, 
we start with a relatively lengthy seetion (Seetion presenting the preliminaries eoneepts and 


introdueing some basie examples that follow us all along the work. In Seetion III we present and 
explain the main result eoneeming poset eodes that will be used in the sequenee, namely, the 


existenee of a eanonieal form of a eode. Finally, in Seetion IV we present the original results of 
this work: explieit formulae for the invariants of a eode when eonsidering a hierarehieal poset 
metrie and ten different eharaeterizations of hierarehieal posets given in terms of eoding theory 
properties. 


II. Preliminaries 

A. Poset metrics 

Although the eoneept of order is mueh wider, in this text we eonsider only orders over finite 
sets. Inasmueh, without loss of generality, we let [n] = {1, 2,..., n} be a finite set. We say that 
the pair P = ([n], Ap) is a partially ordered set (abbreviated as poset) if Ap is a partial order 
relation on [n], that is, for all a,b,c G [n] we have that: (i) a Ap a; (ii) a Ap b and b Ap c 
implies a Ap c; (in) a Ap b and b Ap a implies a = b. 

An ideal in a poset P = ([n], Ap) is a subset I C [n] sueh that, given a G [n] and b E I, 
if a Ap b, then a E L Given AC [n], we denote by (A)p the smallest ideal of P eontaining 
A and eall it the ideal generated by A. An ideal ({a})p generated by a set A = {a} with a 
single element (a singleton) is ealled a prime ideal. For simplieity we denote (a)p = ({a})p. 
An element a of an ideal / C [n] is ealled a maximal element of / if a Ap x for some x E I 
implies x = a. The set of all maximal elements of an ideal / is denoted by Aip{I). It is easy to 
see that, given an ideal I C [n], Aip{I) is the minimal set sueh that {Aip(I))p = L We remark 
that an ideal is prime if, and only if, it eontains only one maximal element. Furthermore, this 
maximal element is also the generator of the ideal. 
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We say that b covers a if a < b, a ^ b and there is no extra element c G [n] sueh that 
a c b. When eonsidering “small” posets, i.e., small values of n, a good way to figure 
out the properties of the poset is a visual representation, ealled the Hasse diagram of a poset 
P = (N,^p)- The Hasse diagram is a direeted graph whose vertiees are the elements of [n] 
and an edge eonneets 6 to a if and only if b eovers a. When drawing it on a paper, we assume 
that b is “above” a if 6 eovers a so that the direetion is always assumed to be downwards. In 
Table I we pieture the Hasse diagram of some posets over [3]. 


Order Relation 

Hasse Diagram 


3 

2 <p„ 3 

. I 


1 2 


3 

1 ^Pi 3 and 2 3 

A 


1 2 


2 3 

1 ^P 2 2 and 1 i^P 2 3 

Y 


1 


Order Relation 

Hasse Diagram 




1 i^P 3 2, 1 i^P 3 3 and 2 i^P 3 3 


'2 




No relation (anti-chain) 

• 

1 

• • 

2 3 


TABLE I: The Hasse diagrams of posets over [3]. 


The posets pietured in the table are all hierarehieal, exeept for the poset P^, whieh will play 
an important role in this work, sinee it is a eounterexample to many properties dealt with here, 
so we will eall it Tiny Counterexample. A rigorous definition of poset isomorphism is postponed 


to Seetion III but it is worth to note that, up to isomorphism, these are all the posets over [3]. 


In the eontext of eoding theory, a poset over [n] enables us to define a metrie whieh may play 
a role similar to that of the usual Hamming metrie. Let be an n-dimensional veetor spaee 
over the finite field F^. Given u G F^, the support and the P-weight of u are defined respeetively 
as 

supp(m) = {i G [n] : Mj 7 ^ 0} 

and 

wtp(M) = |(supp(m))p|, 
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where | ■ | denotes the eardinality of the given set. For simplieity, the set of maximal elements 
in the ideal generated by supp(m) is denoted as Mp{u). For m, v G F”, 

dp{u,v) = wtp{u — v) 

defines a metrie over ealled the poset metric, or just the P-distance between u and v. The 
spaee F”, when endowed with a poset metrie dp, is ealled a P-space. Considering the five posets 
presented at Tableand the veetor u = Oil G F^, we have that wtpj(M) = wtp 2 (K) = wtp 3 (M) = 
3 and wtp(M) = 2 in the other eases. 

An anti-chain is a poset P with a minimal set of relations, i.e., for any a ^ b G [n] neither 
a Ap b nor b Ap a. Considering an anti-ehain poset, we have that (supp(m))p = supp(m), henee 
it induees the well-known Hamming metrie. Besides the anti-ehain poset, there is another poset 
that ean also be eonsidered as an extremal one, the one having a maximal number of relations, 
the chain poset. In this ease, any two elements of [n] are comparable (or related), i.e., given 
a,b E [n], either a Ap b or b Ap a. The poset P 3 of Table is an example of a ehain over 
[3]. Those two posets, the anti-ehain and the ehain, being posets determined by a minimal or 
maximal number of relations, also gives rise to metries that, in some sense, are extremal ones. 
The Hamming metrie, determined by an anti-ehain, is the diserete eounterpart of the Euelidean 
spaee, whieh models our sensorial pereeption of the world. The ehain poset, on the other hand, 
gives rise to a very different type of metrie, known as an ultra-metrie. In an ultra-metrie, the 
triangular inequality (d{x, z) < d{x, y)-\-d{y, z)) is exehanged by the mueh stronger ultra-metrie 
inequality (d{x, z) < maxd{x, y), d{y, z)). This eondition has a strong impaet on the metrie that 
appears in many plaees. Just as an example, eonsidering a metrie determined by a ehain, the 
formula for the paeking radius of a eode is d{C) — 1 and not the usual where d{C) is 

the minimum distanee (see 0 for details). 

It is worth noting that despite the faet that the metrie determined by a ehain defies our intuition, 
it is aetually a very simple setting and the geometry of eodes under this metrie was deseribed 
in details in [[^, ineluding the eharaeterization of perfeet and MDS eodes. 

In the general ease, the behaviors determined by ehains and anti-ehains are mixed together, 
and eomputing the geometrie invariants of a eode beeomes a very hard task, so the researehers 
started to eonsider different ways to eombine ehains and anti-ehains. By performing disjoint 
unions of finite ehains or by (hierarehioally) relating families of anti-ehain posets, we obtain the 
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two most studied family of poset metrics: the Niederreiter-Rosembloom-Tsfasman (NRT) and 
hierarchical families of posets. 

The NRT metrics are determined by a poset which is a disjoint union of chains. They have 
been widely investigated in the literature, see Q, p0| , pT] | and p^ . Its role as a metric model 
of a channel is well established, while the geometry of the space and the metric parameters of 
a code are not yet understood. 

The hierarchical posets, which are the subject of study of this work, are another possible 
generalization of both chain and anti-chain. Before we define what a hierarchical poset is, as an 
“appetizer”, we can say that a metric determined by a hierarchical poset is the true generalization 
of the Hamming metric in many different aspects. Just as an example, the only posets metrics 
where the minimum distance of a code determines its packing radius are the ones induced by 
hierarchical posets. Let us now introduce some concepts needed to define hierarchical posets. 


The height h{a) of an element a E P is the cardinality of a largest chain having a as the 
maximal element. The height h{P) of the poset is the maximal height of its elements, i.e., 
h{P) = max {h{a) : a E [n]}. The f-th level Tf of a poset P is the set of all elements with 
height i, i.e., 

rf = {a G [n] : h{a) = i}. 


We stress that each level of a poset has the order structure of an anti-chain. On Table |I| the 
posets Pq, Pi and P 2 (on the left side) all have 2 levels, while on the right side we have a chain 
(with 3 levels) and an anti-chain with a single level. 

Definition 1: A poset P = ([n], Ap) is said to be hierarchical if elements at different levels 
(anti-chains) are always comparable, i.e., if a G Tf and b E then a Pp b if, and only if, 
i<j. A hierarchical space is a P-space, with P a hierarchical poset. 

Consider the posets P and Q over [4] determined by the Hasse diagrams on Figure P is 
hierarchical and Q is not, because 1 G Tf, 4 G T^ but 1 and 4 are not related (in Q). 


3 4 3 4 

^ M Q N 

12 12 

Fig. 1: P is hierarchical, Q is not hierarchical 
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From here on, if no eonfusion may arise, we will omit P as a superseript in Ff and as a 
subseript in ^p, (■)p, wtp and A4p. 


III. Basic properties of poset spaces and poset codes 

One of the most basie and initial results in eoding theory is the faet that, given a linear eode 
C C Fq there is an equivalent eode C that has a generator matrix in a standard form. To aehieve 
the standard form we need to use basie operations on rows to obtain a row-eehelon form of 
the generator matrix, followed by a permutation of the eolumns. We should remark that basie 
operations on rows preserve the eode, just giving another basis for it; while permutation of 
eolumns, being symmetries of the spaee relative to the Hamming metrie, gives an equivalent 
(not neeessarily equal) eode. 

When eonsidering metries determined by hierarehieal posets, it was shown in Q that generator 
matriees ean be eharaeterized by a form similar to the standard one, known as canonical- 
systematic form. The important part of this eharaeterization is the eanonieal part, so we refer to 
it as the canonical form of a eode. In order to deseribe it, we will first eharaeterize the group of 


linear isometries of a P-spaee, whieh was eompletely deseribed in [13|. Let us start with some 
definitions. 

A map T ; F” —)■ F” is ealled a P-isometry if dp{T{u),T{v)) = dp{u, v) for every u,v E F”. 
We denote by GLp{¥q) the group of linear isometries of a P-spaee, i.e., 

GLp{¥q) := {T : Fg Fg : T is a linear P-isometry}. 

Two linear eodes C,C' C F” are said to be P-equivalent if there is T G GLp{¥q) sueh that 
T{C) = C. This definition agrees with the usual equivalenee of eodes in the Hamming setting. 
We stress that two P-equivalent eodes are, geometrieally speaking, indistinguishable. 

Let P and Q be two posets over [n]. Given X,Y C [n], an order isomorphism (aeeording 
to P and Q) between X and L is a bijeetion <p : X ^ Y satisfying i Yp j if, and only if, 
0(0 0(i) for every j e X. When X = Y and P = Q, we eall 0 a P-automorphism. We 

denote by Aut{P) the group of automorphisms of the poset P. Note that two isomorphie posets 
ean always be represented by the same Hasse diagram, henee the posets P and Q of Figure 
are not isomorphie. 

For j e [n], let Cj G F” be the veetor whose j-th eoordinate is equal to 1 and supp(ej) = j. We 


denote by = {ei, ..., e„} the usual basis of F” Given T G GLp{¥q), in [13| it was proved 
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that the ideal generated by supp(T(ej)) is prime. This implies that T G GLp(¥g) determines 
a map ■ [n] —)■ [n] mapping j G [n] into M{T{ej)) whieh, a posteriori, happens to be a 
F-automorphism. Aetually, it also works on the other way: given 0 G Aut{P), the linear map 
defined by T^{ei) = e<^(j) is an element of GLp{¥q). This leads to a eharaeterization of the 
linear isometries of a poset spaee: every isometry T G GLp{¥q) is the produet T = T^oTp 
where is indueed by an automorphism 0 and Tp is the linear map determined by 

Tu{(ij) = ^ Uij Ci with Ujj 7 ^ 0, for all j G [n]. 

i<pj 

We use the notation Tp to indieate that the transformation is determined by an n x n matrix 
U = {uij), with Ujj 7 ^ 0 for all j G [n] and Uij = 0 if i 0 (j)p. We summarize the main results 
of p3| (described in the previous paragraphs) in the next theorem. 

Theorem 1: Let F = ([n], A) be a poset. Then the following three conditions hold: 

(i) The ideal {supp(T(ei))) is prime for every T G GLp{¥q) and every i G [n]; 

(ii) If T G GLp{¥q), then the map ■ P ^ P given by 

$t(*) = M (T(e0) 


is a F-automorphism. 

(iii) T G GLp{¥q) if, and only if, 

idipj 

where <I)p is a F-automorphism (a posteriori defined as in item (ii)) and Uij are scalars with 
Ujj 7 ^ 0 for every j G [n]. 

The canonical form is a key result to this work, so we shall outline the main steps used in its 
construction. 

Let F be a poset over [n] and let C C F” be a fc-dimensional linear code with generator matrix 
G. We assume that the Fth level Tj has n, elements and we write = 0 and iVj = X]j=i 
for 1 < i < h{P). Without loss of generality (up to an isomorphism of posets), we may assume 
that the rij columns of G labeled by iVj -f 1 < j < iVj+i correspond to the elements of the Fth 
level Tj of F. Furthermore, since elementary operations with rows does not change the code. 
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we may assume that G is in a “lower triangular” form and eaeh pivot gir. is the unique non-null 
entry in the r^-th eolumn of the matrix: 


■ 

9lri 

0 

■ 0 

0 

■■ 0 

0- 

■0^ 

5'21 ■ 

■ 0 

fi'2(r'i-Fl) ■ 

■ 92r2 

0 

■■ 0 

0- 

■0 


0 


0 


■■ 0 



Vfi'fci ■ 

■ 0 

9k{rx+l) 

■ 0 

9k(r2+l) 

9krk 

0- 

■ oj 


In addition, given a vector m G F^, it follows from item (iii) of Theorem that it is possible to 
construct an isometry Tu such that the support of Tu{u) contains only the maximal elements of 
the support of u, i.e., supp(T;7(m)) = M.{u). We call the vector {Tu{u)) the cleaned form of u. 

Now, we use the pivot of the z-th row to clean the vector corresponding to this row. Since 
we are using pivots to obtain the cleaned form of the rows, the cleaning operation in a row does 
not “spoil” the cleaned ones. By doing so, we get a matrix G that is a generator matrix of a 
code C which is P-equivalent to C (since G was obtained from G by considering a sequence 
of linear isometries). The matrix G = (gij)i=i,...,k,j=i,...,n has the property that j r* or j > r* 
implies fij = 0. 

Just now we shall assume that P is a hierarchical poset. By doing so, we get that fij = 0 if 
j "G Ni < Ti for some 1. This happens because j < Ni < ri means that j belongs to a level at 
most equal to I and r* belongs to a level at least equal to / +1 and, assuming P to be hierarchical, 
this means that j r,. 

The matrix G, formed by cleaned vectors, has a block diagonal structure 



■0 

Gin 

0 - 

■0 

0 

0 - 

■0 ■ 

■ 0 

0 - 

■ 0 ^ 

0 - 

■0 

0 

0 - 

■0 

G2r2 

0 - 

■0 ■ 

■ 0 

0 - 

■0 









0 



lo - 

■0 

0 

0 - 

■0 

0 

0 - 

■0 ■ 

■ Girt 

0 - 

■ o) 


where each Gir^ is a /cj x n,,. matrix, corresponding to the columns on the level T^. of P. This 
is called a canonical form of the generator matrix, as introduced in Q . 

The special form of G, ensured by the hierarchical structure of P, has a striking consequence, 
that lays in the kernel of this work. It may be better grasped when restated in terms of codes, 
instead of generator matrices. Consider the submatrix of G consisting of the rows that contains 
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Gir-. This matrix generates a eode sueh that supp(CrJ C T^. for every i e [t]. So, the eode 
C generated by G, whieh is P-equivalent to C, ean be expressed as 

C = Cl © C 2 © • • • © Ch(p)-, (1) 

where supp(Ci) C r*. We note that we may have Ci = {0}, or equivalently, supp(Ci) = 0. 
This deeomposition is ealled the P-canonical decomposition of C. We say that a eode admits 
a P-eanonieal deeomposition if it is P-equivalent to a eode that is deeomposed as in Q. We 
stress that, as previously outlined, in the hierarehieal ease every eode admits a P-eanonieal 
deeomposition. 

We remark that, for a Hamming metrie, whieh is indueed by an anti-ehain poset, every eode 
is in its eanonieal deeomposition, sinee the poset has a unique level. For other posets, it is 
not the ease. Just as an example, let n = 3, and C = {000,101} c F3. Considering P as 
either Pi, P 2 or P 3 , we have that C is P-equivalent to C = {000,001} and sinee supp(C) is 
a singleton, it is eontained in a unique level, namely Tf^ or T^^ respeetively. However, 
eonsidering the tiny eounterexample Pq, the unique non-identity element of GLp^{¥2) is the 
map T(xiei + X 2 e 2 + x^es) = xiCi + ( 0:2 + 0 : 3)62 + 2:363 and sinee T(lOl) = 111 , it follows that 
C does not admit a Po-eanonieal deeomposition. The existenee of a P-oanonieal deeomposition 
of any given eode is a property shared only by hierarehieal posets. 

Theorem 2: A poset P = ([n], A) with I levels is hierarehieal if, and only if, any linear eode 
C C Fq admits a P-eanonieal deeomposition. 

Proof: If P is hierarehieal, then the existenee of a P-eanonieal deeomposition follows 
from the eonstruetion just deseribed, for more details, see 0 Corollary 1]. Suppose P is not 
hierarehieal and let i G [/] be the lowest level of P for whieh there are a G Tj and 6 G Tj+i 
sueh that a 7 ^ 6, i.e., b is not greater than a aeeording to P. The 1-dimensional linear eode 
C = span{ea + Cb} does not admit a P-eanonieal deeomposition. Indeed, Theorem ensures 
that for any linear isometry T G GLp{¥q), the ideals (supp(T( 6 a))) and (supp(T( 66 ))) are both 
prime, generated by and $^( 6 ) respeetively, where is the P-automorphism deseribed 

in Theorem Sinee is a P-automorphism, it follows that ^t{o) £ Tj and ^pib) G Tj+i. 
Moreover, sinee a 7 < 6, we have that ^pia) 2 ^ ^p{b). It follows that M.{T{span{ea + eb})) = 
{$r(a),‘^* t(&)} is not eontained in a single level. Sinee dim{C) = 1 and T G GLp{¥q) is 
arbitrary, we find that C does not admit a P-eanonieal deeomposition. ■ 
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Let P be a poset over [n] with / levels. For every i e [1], if rii = \Ti\ and 

if = {MeF^ : supp(M)cri}, 

then the entire space can be decomposed according to the levels of P, i.e., 

F” = 0if = Ff © Ff © • • • © if. 

ie[z] 

We call this the P-level decomposition of F”. By definition, the parcels Cj of a P-canonical 
decomposition are subspaces of F^y Since Fg* C F^ is naturally isomorphic to F”% even though 
F«i ^ Fg, we will use F”* and Fg* interchangeable and, from here on, write Ci C F”\ 

IV. Characterizations and metric invariants of codes according to 

HIERARCHICAL POSET METRICS 

A. Metric Invariants 

Many important properties of codes are determined by metric invariants. For example, the 
error correction capability of a code is determined by its packing radius, which in turn, may (or 
not) be determined by its minimum distance. In this section we will characterize invariants that 
are central to describe some important properties of codes. 

Since the distance dp assumes only values in [n] U {0}, for m G F” and r G [n], let 

B(m, r) = (n G F” : dp{u,v) < r} 

and 

§(M,r) = (n G F” : dp{u,v) = r} 

be the ball and sphere with radius r and center u, respectively. If iS is a subset of F^, then: 

(i) The Minimum distance of S is the smallest distance between two distinct elements of S, 
i.e., 

dp{S) = mm.{dp{x,y) : x,y e S,x ^ y}] 

(ii) The Packing Radius of S is the largest positive integer Vp{S) such that the balls of radius 
Vp{S) centered at the elements of S are pairwise disjoint, i.e., 

Vp{S) = max{i G Z : M{u, i) fl B(n, i) = 0 V m, p G iS with u ^ n}; 
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(iii) The Covering Radius of S is the smallest positive integer Co^ p(5) sueh that the balls of 
radius Co„,p(5) eentered at the elements of S eover F^, i.e., 

Cov,p{<S) = min <ieZ : = |J B(m, i) 

I uGS 

(iv) The Chebyshev Radius of S is the smallest positive integer lZp{S) sueh that there is a ball 
eentered in a veetor m G F” with radius 7lp{S) eontaining S, i.e., 

TZp{S) = min{i G Z : 5 C B(m, i) for some u G F”}. 

A veetor u reaehing this minimum is ealled a Chebyshev center of S. 

If no eonfusion may arise, we may omit the index P and write just d{S)^V{S)^Cov{S) and 
7^(5) for the minimum distanee, paeking, eovering and Chebyshev radii, respeetively. By using 
the P-eanonieal deeomposition, in [j7|, the authors gave explieit formulae for the minimum 
distanee and the paeking radius. We will deseribe those results and provide explieit formulae 
for the remaining invariants, the eovering and Chebyshev radii. We stress that all the formulae 
are expressed in terms of the invariants obtained aeeording to the Hamming metrie eonsidered 
on eaeh eomponent of a P-eanonieal deeomposition of a eode. 

Before we give sueh explieit formulae, note that by suitable relabeling a poset P, we may 
assume that an ideal / of P with |/| = s is, by itself, a poset over [s]. We eall it the subposet 
strueture indueed on / by P. The next proposition ensures that the paeking radius of a eode C 
(the most relevant of the metrie invariants previously introdueed), depends only on the subposet 
strueture of the ideal generated by the support of C. 

Proposition 1: Let C be a linear eode and let I = (supp(C)) be the ideal generated by the 
support of C and let C be the eode obtained by puneturing C on [n] \ I. Then, the paeking radius 
of C aeeording to / eoineides with the paeking radius of C aeeording to P. 

Proof: If X G F”, c G C and r > 0, then 

X G Pp(0, r) n Pp(c, r) X G P/(0, r) fl P/(c, r) 

where s = | J|, x, 0 G F® and c G C are the punetured veetors of x, 0 and c respeetively. Henee, 
7^p(C) > TZiiC). 

Let c G C and r/ G F^. Sinee supp(C) C /, there is a unique d ^ C sueh that d = c. We 
denote by y' the unique veetor of F” satisfying supp(r/) C / and y' = y. Consider 0 G F® and 
0 G F” the null veetors in the eorresponding spaees. It follows that 

y G P/(0, r) n P/(c, r) r/' G Pp(0, r) fl Bp{d, r), 
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hence TZi{C) >'Rp{C). ■ 

Considering the subposet structure induced on an ideal / of P, it may happen that P is not 
hierarchical, while / is so. Indeed, the tiny counterexample Pq is not hierarchical but for any 
I C [3], with |/| = 1 or |J| = 2, we have that the subposet induced on / by Pq is hierarchical. 

Example 1: Let P and Q be the posets with Hasse diagrams depicted in Figure If C = 
{000000,101100} then I = (supp(C))p = (1,2,3,4}. Hence, Q = / and C = {0000,1011}. 
Furthermore, 7lp{C) = 3 = TZq{C) =TZi{C). 


4 5 4 



1 2 3 6 1 2 3 

P Q 

Fig. 2: Hasse diagrams of P and Q. 


Now we give explicit formulae for the main metric invariants of a code. 

Proposition 2: Let P = ([n], be a hierarchical poset with I levels and denote n* = |rj|. 
Let { 0 } 7 ^CCF"bea linear code and Ci © C 2 © • • • © C; a P-canonical decomposition of C. 
Then: 

(i) The minimum distance of C is given by 

ti-i 

dp{C) = ^ tii + dniCt^), 

i=l 

where ti = min{i G [/] : Ci 7 ^ { 0 }} and dniCt^) is the minimum distance of Ct^ considered 
as a code in the Hamming space ; 

(ii) The packing radius of C is given by 


ti-i 

V(C) = n, + 

i=l 


dniCt^) — 1 
2 


(iii) The covering radius of C is given by 


h-l 

CUC) = Y.^^ + GUCh), 

i=l 

where: is the covering radius of Ch considered as a code in the Hamming space 

F”'^; h = min{z G [/ — 1] : Cj = Fg% Vj > i} if Ci = F”' or h = I if Ci 7 ^ F”'; 
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(iv) The Chebyshev radius of C is given by 


r—1 


7^(C) = + 


i=l 


where r = max{i G [/] : Cj 7 ^ {0}} and TZ^{Cr) is the Chebyshev radius of eonsidered 
as a eode in the Hamming spaee F”’. 

Proof: As a general remark for the proof, sinee all the radii and measures are invariant 
by any linear P-isometry, we may assume, without loss of generality, that C is a P-eanonieal 
deeomposition of itself, i.e., C = Ci © C 2 © • • • © C; and supp(Cj) C Tj. 

For item (i), sinee C is linear, the minimum distanee equals the minimum weight and sinee 
P is hierarehieal, the eharaeterization of the minimum weight follows immediately from the 
definition. Item (ii) was first proved in Q, Propositions 3. The main idea is to proof that P(C) = 
nj+P-^(Cti) where {Ctf) is the paeking radius of Ct^ aeeording to the Hamming metrie 


on Fq \ and, as is well known, it is fully determined by 
shall prove the last two items. 

(iii) Suppose there is m G F” sueh that 


d-H 


We 


h-l 


dp{u, c) > ^ rij + C^(C/j) 


2 = 1 


for every c E C. Sinee dp (u, c) = + dH{uh,Ch) for every c G C satisfying 0 7 ^ 

Ai{u — c) C T/i, then dpiuh^Ch) > C^(C/i), whieh is a eontradietion. Therefore 


h-l 

C„„(C)<y;ni + C«(C»). 

2=1 

If the equality does not hold in the previous equation, then, for eaeh m G F”, there is c G C 
sueh that dpiuh^Ch) < C^(C/i). This eontradiets the minimality of C^{Ch)- 
(iv) Considering the Hamming metrie over Cr, let u G F”’’ C F” be a Chebyshev eenter of 
Cr P F”’’. Sinee P is hierarehieal, given 0 7 ^ u G F”, we have that Ai{v) C Tj for some 
i G [/]. The maximality of r ensures that if c G C then Ai(c) C Tj for some J < r and 
sinee M{u) C T^, we get that Ai{u — c) C T^ for some s < r. Also, by the P-level 
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decomposition of F” and the canonical decomposition of C, we may write u = and 
c = Cl + ■ ■ ■ + Q where Ci G Ci. With this notation we have that 

dp{u, c) =ni+n 2 -\ -h + dniug, Cg) 

<ni+n2-\ -h Ur-l + dniur, Cr) 

< TTl + 7^2 + ■ ■ ■ + ^r—l + TZ^{Cr), 

where the equality follows from the definition of the P-distance when P is hierarchical. The 
first inequality follows from the fact that s < r and the second inequality is a consequence 
of the definition of the Chebyshev radius. It follows that 

P(C) < + 7^2 + ■ ■ ■ + ^r—1 + TZ^{Cr). 

For the opposite inequality, let v G be the Chebyshev center of C. Then Ai{v) C T^ 
for some s < r, since otherwise, by the maximality of r, dp{0,c) < dp{v,c) = wt{v) for 
every c G C, i.e., v would not be a Chebyshev center. The maximality of r also ensures 
that for every c G C, there is s < r such that A^(t; — c) C T^. 

Let Cr G Cr be a codeword such that dnivr, Cr) is maximal. Since Cr ^ {0}, there are at least 
two codewords in Cr hence dpivr, Cr) > 0. As a consequence, we have ihdX M{v—Cr) C T^. 
The definition of the Chebyshev radius ensures that dp{v,Cr) < P(C), and so 

dp{v, Cr) = ni+n2-\ -h Ur-l + dnivr, Cr) < 71(C). 

Since dp(vr,Cr) > dp(vr,c() for every c'^ G Cr, we have that 71^(Cr) < dH(vr,Cr). 
Therefore, 

Til P ^2 P ■ ■ ■ P ^r—1 P (Cr) P dp(v, Cr) P 7Z.(C). 


The formulae for the packing and the covering radii of a code enable us to characterize the 
P-perfect codes. 

Corollary 1: Let P = ([rr], P) be a hierarchical poset with I levels, C C F” a linear code and 
ti = minjf G [/] : C* ^ {0}}. The code C is P-perfect if, and only if, 

c = c,. e 

and Ct^ is a perfect code in F*i according to the Hamming metric. 
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Proof: By definition, a linear eode C is P-perfeet if, and only if, the paeking and eovering 
radii are equal. From Proposition it follows that C is P-perfeet if, and only if, 

dniCtf) — 1 


h-l 


Co.{C)-V{C) = Y,n^ + Gl{Ch 

i=ti 


From the definition of ti and h, we have that ti < h. Since rit^ > 


h = ti and this implies that = 




= 0 . 


dn (Ct j^) — l 
2 


it follows that 


. Therefore, Ct-^ is a perfect code when 
and Ctj is perfect as a code in 


^-*1 F * i +' 
i=l q 


considering the Hamming metric on 

Reciprocally, if C is decomposed as C = Ct^ © ^0-Ii 
the Hamming space then, by comparing the expressions for the covering and packing radii 
(items (ii) and (iv) of Proposition]^ we find that P(C) = Cov{C). ■ 

In binary spaces, the complement set of Bh(m, r) is the ball Mh{u^, n — r — 1) where = 0 
if Mj = 1 and = 1 if = 0 is known as the complement vector of c). For the Hamming 


case, as was proved in [14|, the covering and the Chebyshev radii are related as follows: 


C^(C) = min G Z 

u&S ) 


= max G Z 

: C n B(m, i) = 0 for some m G F”} + 1 

= max G Z 

: C C B(m, n — i — 1) 

for some m G F”} + 1 

= max |n — r- 

- 1 G Z : C C B(m, r) 

for some m G F”} + 1 

= n — 1 — min 

= n-TZ^{C), 

{r G Z : C C B(M,r) 

for some m G F^} + 1 


where r = n — i — 1. We remark that this identity was previously proved in [15|. 
we have the following: 

Corollary 2: Let P = ([n], ©) be a hierarchical poset with I levels. Let C C F 2 
linear code and Ci © C 2 © • • • © C; be a P-canonical decomposition of C and let r 
[/] : Ci 7 ^ {0}}. Then, the Chebyshev radius of C is given by 


Out of this, 

be a binary 

= max{i G 


K(C) = y^n.-C"(C), 

i=l 
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Proof: From Proposition item (iii), 7?.(C) = nt + TZ^ {Cr). Since we are considering 
binary codes, we know that C^(C) = n — TZ^{C) and it follows that 

TZ(C) = Til + ■ • • + 1 + Tlr — C^(Cr)- 


Remark 1: Considering the code C = {00,11,22} C F|, we have that TZ^(C) = 2 and 
C^(C) = 1. It follows that Corollary 1^ does not hold for g 7 ^ 2. Despite that, from the proof of 
Corollary it is clear that any relation between the Chebyshev radius and the covering radius 
in a g-ary Hamming space will ensure a similar relation for any hierarchical P-space. 


B. Characterizations of hierarchical poset metrics 


In this section we present some metric properties of codes, each of which is a characterization 
of hierarchical posets in the sense that, any linear code satisfies the given metric property if, 
and only if, the metric poset is determined by a hierarchical poset. Despite the fact that most of 
these properties can be restated by considering any metric in place of the metric Hamming, they 
are formulated here as related to the poset, not to the metric. Most of those properties are well 
known in coding theory, sometimes just taken for granted in the case of the Hamming metric. 
As we shall see in Theorem none is obvious by itself, but the metric taken into consideration 
may turn it so. 

We start with one of the main invariants of coding theory, the weight enumerator, which is 
simply generalized as the P-weight enumerator of a linear code C C F”: 

n 

i=0 

where 

= |{c e C : wtp(c) = t}|. 


In 1961, a remarkable result was presented by Jessie MacWilliams [16|, the MacWilliams 
Identity, which relates the weight enumerators of a code C and its dual C-‘-. Over the years, 
relations between weight enumerators of pairs of dual codes have been explored on a large 
number of metrics, see pP| and [18|, for example. In the case of poset metrics, to attain such 
a relation one needs to consider the dual poset: given a poset P = ([n], Pp), the dual poset is 
the poset P = ([n], Pp) defined by the opposite relations, i.e., given i,j e [n], then 


i fip 3 


3 fip i- 
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Definition 2: {MacWilliams’ Identity property) A poset P = ([n], A) a MacWilliams’ Identity 
if, for any linear eode C C F”, the P-weight enumerator (X) of C determines the P-weight 
enumerator of the dual eode C-^. 

For poset metries, the MaeWilliams Identity was first investigated in [ 19|. In Q it was proved 
that the hierarehieal posets are the only posets admitting a MaeWilliams’ identity, furthermore, 
explieit formulae for those identities was obtained. 

Another elassieal result due to F. J. MaeWilliams in the eontext of Hamming metrie is the 
MaeWilliams Extension theorem, whieh basieally states that the notion of equivalenee between 
eodes may be determined loeally. The subjeet has been studied in many different eontexts, and 
several papers were devoted to this subjeet, ineluding Q, p0| and pTf . 

Definition 3: {MacWilliams’ Extension property) A poset P = ([n], Pp) satisfies the MacWilliams 
Extension property if for any pair of linear eodes C and C and any linear map t : C ^ C' 
preserving the P-distanee, there is a linear isometry T G GLp{¥q) sueh that T\c = t. 

In 0 it was shown that hierarehieal posets are the unique posets satisfying this property. 

Assoeiation sehemes, whieh is a elassieal strueture studied in algebraie eombinatories, eame 
into the pieture in [[^ in order to provide a proof of the MaeWilliams identity whieh is more 
direet than the one given in 0. 

Definition 4: Let X be a finite set. Given an integer m, eonsider a set P = {Pq, Pi, ■ ■ •, Pm} 
of m + 1 binary relations Pj on X sueh that P is a partition of X x X. The pair (X, P) is said 
to be an association scheme if the following eonditions are satisfied: 

(i) Po is the diagonal, i.e., Pq = {{u,u) G X x X : m e X}; 

(ii) Ri is symmetrie, i.e., {u,v) G Ri if, and only if, {v,u) G Rp, 

(iii) If (m, v) G Pfc, then the number of elements te G X sueh that (m, w) G Ri and {v, w) G Rj 
is a eonstant depending only on i,j and k. 

Whenever we have a metrie strueture on X, a partition of X x X may be obtained by 
eonsidering the part Ri to be determined by pairs of points at distanee i. As was shown by 


Delsarte in [22|, this was the key to translate the MaeWilliams Identity problem to a distribution 
problem in the assoeiation seheme. 

Definition 5: We say that a poset P = ([n], A) determines an association scheme if the pair 
(F”, TZdp) is an assoeiation seheme, where P^p = {Po, dp, Pi, dp, • • •, Rn,dp} and 

Pi, dp = G F" X F” : dp{u,v) = i}. 
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Conditions to ensure that a poset metric determines an association scheme were described in 
Q and, doing it without considering the P-canonical decomposition was a quite difficult task. 
Other results relating association schemes and poset codes include, for example, conditions over 


the poset to ensure that the association scheme is self-dual |23|. 

When considering posets consisting of multiple disjoint chains, a Mac Williams’ identity is 


not available. To overcome this difficulty, the shape of a vector was introduced in [10| as a 
refinement of the weight. We give here a very generic definition of a shape: 

Definition 6: Let P = ([n], P) be a poset and m G Z be a positive integer. A map C : —>■ 

is a shape mapping if for every m, n G F”, 

({u) = ({v) there is T G GLp{¥q) such that T{u) = v. 


A shape mapping is “good” if it has a simple description with m as small as possible. In 
some cases, we may have m = 1 and the shape mapping being very simple: ({u) = wtp{u). As 
we shall see, it happens if, and only if, P is hierarchical. 

Considering partial orders as a particular case of directed graphs, they may be studied con¬ 
sidering properties of the adjacency matrix, as it is usually done in spectral graph theory, and 
this is last structure we are interested in. 

Definition 7: Let P = ([n], A) be a poset. The adjacency matrix Ap of P is an n x n matrix 
with entries satisfying Aij = 1 if 1 A j with i j and zero otherwise. 


Now we are in place to present our main result, a vast collection of coding properties, each of 
which characterizes the hierarchical posets. 


Theorem 3: Let P = ([n], A) be a poset with I levels. Then, P is hierarchical if, and only if, 
any of the (equivalent) properties below holds: 

^0 Every linear code admits a P-canonical decomposition; 

P admits a Mac Williams’ Identity; 

^2 P satisfies the MacWilliams Extension property; 

^3 P determines an association scheme; 

^4 The group of linear isometries acts transitively on spheres of a fixed radius, i.e., wt(M) = 
wt(u) if, and only if, there is T G GLp{¥q) such that T{u) = v] 

^5 The packing radius P{C) of a linear code C is a function of its minimum distance d{Cy, 
^6 The P-weight is a shape mapping; 
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^7 For each v G F”, the set M.{v) is contained in F* for some i G [/]; 

^8 The entries of the adjaeeney matrix Ap satisfy the triangle inequality, i.e., Aij < Aik A Akj, 
for all i,j, k e [n]; 

^9 Given two ideals I, J A [n], then |J| = \J\ if, and only if, they are isomorphie. 


The eharaeterization given by property was actually done in Theorem]^ the subseript index 
0 is introdueed to stress its key role in the proof of the other statements. Before we proceed to 
the proof, we recall that some of those statements are known: items ^i, ^ 2 , ^3 and ^4 are 
proved in 0, 0, Q and p4| ; item ^5 is partially proved in 0. Nevertheless, we do present 
a eomplete proof for each of these statements, since the P-eanonical decomposition allows us 
to do it in an elegant and short way. 

We remark that some of these properties are stronger than they might appear at first sight. 
Consider for example the relation between the packing radius and the minimum distanee of a 
eode (Property ^ 5 ). Even when the minimum distanee is known, determining the paeking radius 
in the smallest non-trivial ease ( 1 -dimensional eodes) may be a surprisingly diffieult problem: it 


was proved in [25| that, in general, it is an NP-hard problem. We now proeeed to the proof. 


Proof of Theorem^ As we have already noted, Theorem|^says that ^0 is a eharaeterization 
of hierarehieal posets. For the other nine items, we split the proof into two parts: we first prove 
the “if’ part (arguing by contraposition) for each of the nine statements and, after that, we prove 
the “only if’ part. 

For the “if” part, let us suppose that P is non-hierarehieal and denote by a the first level 
where P “fails” to be hierarehieal, i.e., there is a G [/] and elements a G and & G F^ sueh 
that a Fet us assume that ot is minimal with this eondition. In this situation, there must be 
an element c G F^_^ sueh that c Ah and the structure induced on {a,b,c} by P is isomorphie 
to the tiny eounterexample Pq. To illustrate this situation eonsider Figure]^ We stress that, on 
Figure 0 the shaded subposet is the one isomorphie to Pq. 

Considering the subposet {a, b, c} we eonstruct two eodes that will be a counterexample to 
many of the listed properties: Ci = span{eb} and C 2 = span{u}, where u = Z]ie({a b})nr^ ^ 
The ideals Ji = (supp(ef,)) = (6) and I 2 = {supp(m)) = ({a, 6}) \ {6} generated by the support 
of eaeh of this (the shaded subposets on Figure 0 are hierarehieal subposets of P. 
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a ^ b 


Hierarchical 

Subposet 


Fig. 3: The shaded subposet {a, b, c} is isomorphie to Pq, the smallest non-hierarehieal poset. 

%■■■ ^2 ... 







Fig. 4: The ideals Ji = (supp(Ci)) and I 2 = (supp(C 2 )). 


From here on, we eonsider the level a, the veetor u, the eodes Ci and C 2 and the (hierarehieal) 
ideals Ji and I 2 as defined in the preeedent paragraphs. We shall now proceed to prove that 
properties to ^9 does not hold if the poset P is not hierarchical. 

^1 ; Clearly, the P-weight enumerators of Ci and C 2 are both equal to l + In 

order to prove that IF’il(X) 7 ^ it is enough to show that the coefficients Af (Cf) and 

different for some A G [n]. We recall that n* is the cardinality of the i-th level of 
P, i.e.. Hi = |rf |. 

Let \ = n — rii = Since we assume that P is hierarchical up to the level 

q; — 1, given n G F” we have that wtp(n) = A if, and only if, Mp{v) = Hence, 

= : -Mp(n) = rr_J| (2) 

for i G {1,2}. Furthermore, the condition A4p(v) = establishes that Vi ^ 0 for every 
i G and that Vi = 0 for every i G (r^_ 2 ). 

Since = {(vi,..., Vn) E F" : v;, = 0}, for every v E we have that Vi E Fg may assume 
any value for each i E ^^a+i U ... UFf. Furthermore, as |r^ UF^pj^ U... U Ff | = A — Ua-i, 
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from Equation Q, it follows that 


Af (C,^) = |{u G F” : Mp(v) = and v, = 0}| 

= (^q —ria-l —1 


(3) 


= (g - 


— 1 ^ 
Q 


where t = ria-i — |{i G ■ i ^b}\. 

On the other hand, considering the vector u, by definition we have that Wj = 1 if i G ({a, b}) fl 
and Mj = 0 if i ^ ({a, 6}) fl Thus, as C2 is spanned by u, a vector u G F” belongs 
to C 2 if, and only if, ^iUi = Y.i&({a,b})r\rP_-, = 0- Hence, from Equation 0, 


e F” : Mp{v) = and E*e({a,fe})nr^_i = 0}|. 

Eet m = |({a, 6}) n rEil- Given a vector v counted in the determination of Af(CE, all the 
Ua-i — m coordinates corresponding to r^i \ ({«, ^}) must be non zero and those non-zero 
coordinates does not appear as part of the sum Eie({a fe})nr^ ^ Uj = 0. Since — m = t — 1 
and, as before, the A — Ua-i coordinates E^ U E^i U ... U Ef may assume any value. 


= {q- lY-V-^-^\{v € F™ : Er=i = 0 and v, Y 0 }|. 


The number of solutions of YlT=i ^ 0 ’ Uj G Fg \ {0}, denoted by Sm, is the number of 
m-compositions over Fg (in the combinatorial sense, see [|26|). It is known by |27| that 

^ (g-l)™ + (-ir(g-l) 

^m. — 


Therefore, 


AY{CY) = {q - Sm. 


(4) 


Since Sm Y » considering equations ^ and 

the P-weight enumerators of and are different. 

^2 : For every non-zero A G Fg, the map f : Ci —)■ C 2 defined by t{X-eb) = X-u is a 
linear P-isometry between Ci and C 2 . This map cannot be extended to a linear P-isometry of 
Fg, indeed, item (z) of Theoremensures that if T G GLp(Fg), then (supp(T(e 6 ))) is a prime 
ideal, but T(efe) = t(eb) = u and (supp(tz)) is clearly not prime. 

^3 : Conditions (i) and (ii) in the definition of an association scheme are satisfied in¬ 
dependently of the metric. Thus, assuming that P is not hierarchical, we provide a general 


we find that A^iCY) Y A^iC^) hence 
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counterexample to prove that the eondition (iii) in Definition is not satisfied. Let s = 

By definition (0,efe) G R„t{eb),dp- Moreover, the set 

{ 2 ; e F” : (0,2r) G Rs+i,dp and {eb,z) G R^t(e,)-i,dp} 

is empty, beeause dp{0,z) = s + 1 implies Zb = 0 and dp{eb,z) = wt(eb) — 1 implies Zb = 1. 
On the other hand, by the ehoiee of u, we have that (0 ,m) G Rwt{eb),dp- However, the set 


{z G Fg . ( 0 , 2 ^) G Rspi^dp and {u^z') G /?wt(ei,)— 


is not empty, sinee (ip(0,ea) = s + 1 and dp{u,ea) = wt(eb) — 1. It follows that P does not 
determine an assoeiation seheme. 

^4 : Sinee wt(efe) = wt(M) and supp(eb) generates a prime ideal while supp(m) does not, 
it follows, from item (i) in Theorem that eb eannot be mapped into u by any P-isometry 


T G GLp{¥g). 

^5 : Proposition [^ensures that in order to obtain the paeking radius of both Ci and C 2 , we may 
puneture Ci and C 2 on the eoordinates eorresponding to the ideals I = {b)p and J = (a, b)p\{b}, 
respeetively. Furthermore, sinee both / and J are hierarehieal posets (shaded posets in Figure 
1^, the paeking radius of Ci and C 2 are determined in item {ii) of Proposition 

ir^inWI 


a-2 


’^(^ 2 ) — + 


2=1 


and 

a-2 

p(Ci) = y]r!. + |rr_in{(>>p|. 

2 = 1 

Sinee fl {b)p\ > 0 we find that P(Ci) > V{C 2 ) but, by eonstruetion, d{C\) = d{C 2 ). 

^6 : If the P-weight is a shape mapping, then the group of linear isometries aets transitively 
on spheres of a fixed radius, but, as seen in the proof of ^ 4 , the veetors u and have the same 
weight and are not in the same orbit, sinee there is no linear P-isometry T sueh that T{u) = e^. 
^7 ; If we take n = + e^, then we have that M.{v) fl = {a} and A^(r;) fl F^ = {6}. 

^8 : Sinee 6 G F^ and c G Ff’_^ satisfy c P 6, it follows that A^b = 1 . On the other hand, 
Aca = Aab = 0. Therefore, the triangle inequality does not hold. 

^9 : The ideals / = ( 6 ) and J = {a} U {I\{b}) have same eardinality. However, there is no 
isomorphism between / and J, beeause / is prime while J is not. 
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To prove the “only if” part, eonsider P to be a hierarehieal poset with I levels and let n* = |rf | 
for every i E [/]. Let C C F” be a linear eode. Without loss of generality (ensured by Theorem 
[^, we assume that C = Ci © • • • © C/, with supp(Ci) C Tf and i G [/]. 

: The weight enumerator of C is given by 

WiiX) = 1 + bLq W + X^Wq(X)|Ci| + ■ ■ ■ 

+ X^'-Wc;(X)|Ci||C2|---|Cz_i|, 

where C* = Cj\{0}, Wc*{X) is the Hamming weight enumerator of C* C F”' and Sj = J2i=i 
Let us define Di = {v E C^- : supp(r’) C Tf}. It is elear that eaeh Pj is a veetor subspaee 
contained in and, from simple dimensionality reasoning, it follows that C"*- = Pi © P 2 © 
• • • © P/. Moreover, this is, by itself, a P-canonical decomposition of . Thus, the P-weight 
enumerator of may be written as 

(X) = 1 + Wd* (X) + X^Wd;_^ (X) I a I + ■ ■ ■ (5) 

+ X^1Xii*(X)|P2||P3|---|A|, 

where D* = Pj \ {0}, W£)*{X) is the Hamming weight enumerator of D* C F^* and sJ = 
For oach i E [/], the punctured codes obtained by puncturing Q and Di on [n] \ 
rf have the same Hamming weight enumerator of Ci and Di, respectively. Furthermore, the 
punctured codes are dual to each other and then, the classical MacWilliams identity ensures 
that the parcel Wd*{X) of the weight enumerator of is uniquely determined by the parcel 
ILc*(X) of the weight enumerator of C. It follows that the P-weight enumerator of C“*“ may be 
fully determined once the P-weight enumerator of C is given. 

^2 : Let C' = © • • • © C; be a linear code on F” and f : C —C' be a linear map that 

preserves the P-weight. Since t is assumed to preserve the P-weight, given c* E Ci, we have that 
t{ci) = ti{ci) + fi{ci) where fi'.Ci^ U : Ci ^ C[ and U is a P-isometry. Moreover, 

since t is assumed to be a linear map, we have that both ti and fi are linear. The linearity of t 
ensures that, given c = ci + • • • + q with Ci E Ci, we have that 

i 

t{c) = '^tiiCi) + fi{Ci). 

i=l 

Since P is hierarchical and supp(Ci) and supp(C') are subsets of Tj, it follows that U is also a 
linear isometry according to the Hamming metric. The classical MacWilliams Extension ensures 
the existence of a linear isometry Tj : F”‘ —)■ F”* such that Ti\c- = ti. Because P is hierarchical 


March 27, 2017 


DRAFT 


24 


and supp(Fg‘) = Ff, the map Tj is a linear isometry aeeording to the poset metrie P. For each 
i E [/], let us consider F”* as the direct sum F”* = C* © IF, and define Fi : F^* —)■ F” as the 
linear map determined by Fi{u + w) = fi{u) for u E Ci and w E Wi. Since each n G F” may 
be uniquely decomposed v = Vi + ■ ■ ■ + vi with supp(ni) C Ff for every i E [/], the map 

T : F" ^ F^ 

f 1 H- 'rvi !-)■ Y!i=i Ti{vi) + Fi{vi) 

is well defined. Furthermore, by construction, T is a linear P-isometry satisfying T\c = t. 

^3 : Since P-distances are invariant by translations, in order to prove the condition (iii) of 
Definition when considering a pair of vectors (m, v) E Rk, we may assume u = 0. So, it is 
enough to show that the cardinality of the sets = {w eW'^ : dp{v,w) = j and wt(w) = i} 
does not depend on the choice of u G F” but only on wt(n) = k. Consider u^v E F” such that 
wt(M) = wt(n). By the Mac Williams Extension property (^ 2 ), there is T G GLp{¥q) such that 
T{u) = V. Hence, w E if, and only if, T{w)e S^j. Therefore, |S'“j| = 

^4 : Given r E Z and u,v E Sp(0, r), the map defined by t{Xu) = Xv for every A G F^ is a 
linear map between the spaces generated by u and v preserving the P-weight. The MacWilliams 
Extension property (^ 2 ) ensures that t may be extended to a map T E GLp{¥q). Since T{u) = v, 
the group GLp{¥q) acts transitively on Sp(0,r). 

^5 : Eollows direct from the formula of the packing radius given in Proposition 
^6 : Given G F”, from Property ^4 we have that 

{T{v) : T G GLp{¥q)} = §p(0, wtp(n)), 

and so the P-weight is a shape mapping. 

^7 : Given v E F^, the elements of Ai{v), being maximals, are not comparable to each 
other. On the other hand, since P is hierarchical, two elements belonging to different levels are 
always comparable. Hence, M.{v) C F^ for some s E [/]. 

^8 : If Aij = 0, there is nothing to be proved. Eet us assume that Aij = 1. This implies that 
i A J and 2 7^ j. We need to prove that either Aik = 1 or Akj = 1. Given k E[n], A k = i then 
Akj = 1. Suppose k ^ i, then k and i are either comparable or not comparable. In the first case, 
if i ^ k, then A^k = 1, on the other hand, if k ^ i, then k < j since i ■< j, hence Akj = 1. For 
the second case, Akj = 1 because i ^ j and the elements i and k belong to the same level of 
P. 
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^9 ; Since P is hierarchical, given two ideals I,J [n], it follows that |/| = \ J\ if, and 
only if, |A^(/)| = \M.{J)\ and C F^, for some r G [/]. Hence, if \I\ = \ J\, then 


UM{I) and J= j U M{J) 

for some r G [/]. Consider a map (p : I ^ J determined as follows: 0(A^(J)) = Ai{J) is any 
bijection and 0||j»:-ir^, is the identity function. By the construction of 0 and since P is assumed 
to be hierarchical, we have that 0 is an isomorphism between the ideals / and J. 


I = 


/ r—1 

LJrj 

W = 1 


To conclude the work, we make explicit the MacWilliams identity for hierarchical posets, 
which existence was proved in Theorem]^ 

In order to simplify the notation we consider the polynomial 


MX) = (! + (■;- i)xrwc i -1, (6) 

where Wc{X) is the weight enumerator of C relative to the Hamming metric. 

Corollary 3 (The MacWilliams Identity): Let P be a hierarchical poset with I levels and 
Hi = |rj|. Let C C Fq be a linear code, Ci©- • -©C; its canonical decomposition and ki = dim{Ci). 
Then, the P-weight enumerator of its dual code is given by 


_ 1 _ Mi-h 

W^^{X)= 1+ AcAX) + X^^^ 


where s, = ELz-j+i 

Proof: From the classical MacWilliams Identity we have that 


qkl ^ 




Ac,_, {X)P---PX^^^- - ^ 


■■q 


ni-ki 


d 


ki 


-M (-’f) ■ 


Wd,(X) = \m(X) + 1, (7) 

where Di = {v e : supp(rz) C Fj}. The identity follows straightforward from equations ([^ 
and 0. 


Acknowledgment 

The first two authors would like to thanks the National Council for Scientific and Technological 
Development (CNPq, Brazil) for the financial support. All the authors were partially supported 
by Sao Paulo Research Foundation (FAPESP), through grants 2013/25977-7, 2015/11286-8 and 
2016/01551-9. 


March 27, 2017 


DRAFT 





26 


References 

[1] R. A. Brualdi, J. S. Graves, and K. Lawrence, “Codes with a poset metric,” Discrete Mathematics, vol. 147, no. 1-3, pp. 
57 - 72, 1995. 

[2] J. Hyun and H. Kim, “Maximum distance separable poset codes,” Designs, Codes and Cryptography, vol. 48, no. 3, pp. 
247-261, 2008. 

[3] L. Panek, M. Firer, and M. Muniz Silva Alves, “Classification of Niederreiter-Rosenbloom-Tsfasman block codes,” IEEE 
Transactions on Information Theory, vol. 56, no. 10, pp. 5207-5216, Oct 2010. 

[4] H. Kim and D. Y. Oh, “A classification of posets admitting the MacWilliams identity,” IEEE Transactions on Information 
Theory, vol. 51, no. 4, pp. 1424-1431, April 2005. 

[5] D. Y. Oh, “Poset metrics admitting association schemes and a new proof of Macwilliams identity,” Journal of the Korean 
Mathematical Society, vol. 50, no. 5, pp. 917-931, 2013. 

[6] A. Barra and H. Gluesing-Luerssen, “MacWilliams extension theorems and the local-global property for codes over 
Frobenius rings,” Journal of Pure and Applied Algebra, vol. 219, no. 4, pp. 703 - 728, 2015. 

[7] L. V. Felix and M. Firer, “Canonical-systematic form for codes in hierarchical poset metrics,” Advances in Mathematics 
of Communications, vol. 6, no. 3, pp. 315-328, 2012. 

[8] L. Panek, M. Firer, and M. M. S. Alves, “Classification of Niederreiter-Rosenbloom-Tsfasman block codes,” IEEE 
Transactions on information theory, vol. 56, no. 10, pp. 5207-5216, 2010. 

[9] W. Park and A. Barg, “The ordered Hamming metric and ordered symmetric channels,” in IEEE International Symposium 
on Information Theory Proceedings (ISIT). IEEE, 2011, pp. 2283-2287. 

[10] -, “Linear ordered codes, shape enumerators and parallel channels,” in 48th Annual Allerton Conference on 

Communication, Control, and Computing (Allerton). IEEE, 2010, pp. 361-367. 

[11] M. Ozen and 1. §iap, “On the structure and decoding of linear codes with respect to the Rosenbloom-Tsfasman metric,” 
2004. 

[12] A. K. Sharma and A. Sharma, “MacWilliams identities for weight enumerators with respect to the RT metric,” Discrete 
Mathematics, Algorithms and Applications, vol. 6, no. 02, p. 1450030, 2014. 

[13] L. Panek, M. Firer, H. K. Kim, and J. Y. Hyun, “Groups of linear isometries on poset structures,” Discrete Mathematics, 
vol. 308, no. 18, pp. 4116 - 4123, 2008. 

[14] M. Frances and A. Litman, “On covering problems of codes,” Theory of Computing Systems, vol. 30, no. 2, pp. 113-119, 
1997. 

[15] M. Karpovsky, “Weight distribution of translates, covering radius, and perfect codes correcting errors of given weights,” 
IEEE Transactions on Information Theory, vol. 27, no. 4, pp. 462-472, 1981. 

[16] J. Macwilliams, “A theorem on the distribution of weights in a systematic code,” The Bell System Technical Journal, 
vol. 42, no. 1, pp. 79-94, 1963. 

[17] M. Gadouleau and Z. Yan, “MacWilliams identity for codes with the rank metric,” EURASIP Journal on Wireless 
Communications and Networking, vol. 2008, p. 15, 2008. 

[18] S. T. Dougherty and M. M. Skriganov, “MacWilliams duality and the Rosenbloom-Tsfasman metric,” Moscow Mathematical 
Journal, vol. 2, no. 1, pp. 83-99, 2002. 

[19] J. Gutierrez and H. Tapia-Recillas, “A MacWilliams identity for poset-codes,” Congressus Numerantium, pp. 63-74, 1998. 

[20] S. Dyshko, “On extendibility of additive code isometries,” in Coding Theory and Applications. Springer, 2015, pp. 
169-175. 


March 27, 2017 


DRAFT 



27 


[21] J. A. Wood, “Extension theorems for linear codes over finite rings,” in International Symposium on Applied Algebra, 
Algebraic Algorithms, and Error-Correcting Codes. Springer, 1997, pp. 329-340. 

[22] P. Delsarte, “An algebraic approach to the association schemes of coding theory,” Ph.D. dissertation. Philips Research 
Laboratories, 1973. 

[23] A. Barg, L. V. Felix, M. Firer, and M. V. Spreafico, “Linear codes on posets with extension property,” Discrete Mathematics, 
vol. 317, pp. 1 - 13, 2014. [Online]. Available: http://www.sciencedirect.eom/science/article/pii/S0012365X13004500 

[24] D. S. Kim, “MacWilliams-type identities for fragment and sphere enumerators,” European Journal of Combinatorics, 
vol. 28, no. 1, pp. 273 - 302, 2007. 

[25] R. G. L. D’Oliveira and M. Firer, “The packing radius of a code and partitioning problems: The case for poset metrics 
on finite vector spaces,” Discrete Mathematics, vol. 338, no. 12, pp. 2143 - 2167, 2015. 

[26] R. P. Stanley, “Enumerative combinatorics, vol. 2, volume 62 of Cambridge Studies in Advanced Mathematics,” 1999. 

[27] A. Muratovic-Ribic and Q. Wang, “Partitions and compositions over finite fields,” The Electronic Journal of Combinatorics, 
vol. 20, no. 1, Paper 34, p. 14, 2013. 


Roberto A. Machado received a B.Sc. in Mathematics (2013), from University of Lavras. He holds a master degree from 
the Institute of Mathematics, Statistics and Scientific Computing of the University of Campinas, where he is currently a PhD 
candidate. His current research interests include poset codes. 


Jerry A. Pinheiro received a B.Sc. in Computer Science (2006) and a B.Sc. in Mathematics (2008), from Higher Education 
Center of Foz do Iguafu and State University of Western Parana respectively. He received a M.Sc. and a Ph.D. degrees in 2011 
and 2016 respectively, both from University of Campinas, Brazil. He is currently a postdoc in the Institute of Mathematics, 
Statistics and Scientific Computing of the University of Campinas. His current research interests include metrics in coding theory 
and algebraic combinatorics. 


Marcelo Firer received B.Sc. and M.Sc. degrees in 1989 and 1991 respectively, from University of Campinas, Brazil, and a 
Ph.D. degree from the Hebrew University of Jerusalem, in 1997, all in Mathematics. He is currently an Associate Professor of 
the University of Campinas. His research interests include coding theory, action of groups, semigroups and Tits buildings. 


March 27, 2017 


DRAFT 


